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Abstract 

We perform the characterization program for the supersymmetric configurations and 
solutions of the M = 1, d = 5 Supergravity Theory coupled to an arbitrary number of 
vectors, tensors and hypermultiplets and with general non-Abelian gaugins. By using the 
conditions yielded by the characterization program, new exact supersymmetric solutions 
are found in the S'0(4, 1)/S'0(4) model for the hyperscalars and with SU{2) x U{1) as the 
gauge group. The solutions contain also non-trivial vector and massive tensor fields, the 
latter being charged under the U{1) sector of the gauge group and with selfdual spatial 
components. These solutions are black holes with AdS2 x 5^ near horizon geometry in 
the gauged version of the theory and for the ungauged case we found naked singularities. 
We also analyze supersymmetric solutions with only the scalars (j)^ of the vector/tensor 
multiplets and the metric as the non-trivial fields. We find that only in the null class the 
scalars (j)^ can be non-constant and for the case of constant (p^ we refine the classification 
in terms of the contributions to the scalar potential. 



1 Introduction 



The seminal work on the characterization of supersymmetric solutions of supergravity was done 
by Tod in Ref. jl] for the pure TV = 2, (i = 4 Supergravity Theory. The method he used is 
based on the translation of the Killing spinor equations to tensorial equations for bilinears of 
the Killing spinors, which are easier to handle that the spinorial equations. All the conditions 
needed to have a bosonic supersymmetric configuration can be extracted from these equations 
for the bilinears. Furthermore, the Killing spinor equations are first-order, unlike the equations 
of motion that are second-order. Indeed, among the conditions found by Tod, it is remarkable 
the simplicity of the differential equations that must be satisfied by the supersymmetric solu- 
tions. Some years after this work. Tod extended the analysis to more general four dimensional 
supergravity theories in Ref. [2]. 

After the work of Tod, Gauntlett et al. in Ref. |3] adapted the program to the minimal 
five-dimensional ungauged theory with eight supercharges {M =1). These authors developed 
the approach in a pure tensorial language, in contrast to the Newmann-Penrose formalism used 
by Tod. 

The work of Gauntlett et al. renewed the attention on the characterization program and 
after it a lot of related work has been done for supergravity theories in several dimensions, 
number of supercharges, gauged/ungauged symmetries and matter couplings. Regarding the 
A/" = 1, = 5 theory, soon after the publication of Ref. [3] the classification in the gauged 
minimal theory was achieved in Ref. The analysis of the (Abelian) gauged theory with 
couplings to an arbitrary number of vector multiplets was done in Ref. [5], restricted to the 
time-like case and considering only symmetric spaces for the scalar manifold. The analysis was 
extended to the null case and relaxing the condition of symmetry on the scalar manifold in 
Ref. [ojll. The characterization program for the ungauged theory with vector- and hypermul- 
tiplets (without restrictions on the scalar manifolds) was done in Ref. [9] and the case of the 
theory with general non-Abelian gaugings was analyzed in Ref. [10] (previous, partial analyzes 
were done in Refs. pT]). 

As we mentioned above, there are many papers [T3] on the characterization of super- 
symmetric solutions in others theories of supergravity. In addition, various papers [Hj have 
been written on the subject using the technique of the spinorial geometry. 

The main aim of this work is to complete the characterization of supersymmetric solutions 
of the A/" = 1, (i = 5 Supergravity Theory, initiated in Refs. [31 HI [5|, O [9l [10], by turning on 
tensor multiplets. With the adding of tensor multiplets we cover the most general couplings 
to matter multiplets known in A/" = 1, (i = 5 Supergravity. We perform the study for the 
gauged version of the theory because it is a more general context and, most importantly, tensor 
multiplets make sense only in the gauged scenario. Any result in the ungauged theory can 
be obtained from the gauged theory by sending the Yang-Mills coupling constant to zero and 
turning off the tensor fields. 

Tensor multiplets contain two- form fields that, in contrast to the field strengths of vector 
gauge fields, transform in a non-adjoint representation of the gauge group fT3]. Their exterior 
covariant derivative does not vanish, they satisfy instead a massive self-duality condition [T6] 
which is precisely given by their equation of motion. This condition is needed in order to 
balance the fermionic/bosonic degrees of freedom in each multiplet, hence tensor multiplets 

^Previous work on these theories can be found m Refs. [7l[8]. 
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must be considered as on-shell multipletcl. In addition, as well as vector multiplets, each 
tensor multiplet includes an scalar field and an one-half spinor field. 

The A/" = 1, c? = 5 gauged Supergravity coupled to an arbitrary number of vector-, tensor- 
and hypermultiplets is the most general theory of supergravity known with eight supercharges 
in five dimensions. Therefore, the results of the characterization can be used for very general 
analyses related to supersymmetric solutions, since preserved supersymmetry gives a lot of 
information about the solutions and the set of equations that must be solved is much smaller 
than the original set of equations of motion. For example, the conditions for supersymmetric 
solutions resulting from the characterization program can be used to analyze five- dimensional 
black holes/rings, which is a growing area of research. 

One of the main interest on supersymmetric solutions of the five-dimensional supergravity 
is the existence of supersymmetric domain walls that have AdS^ asymptotics. This kind of 
configurations is crucial for the brane- world scenario and also for the AdS/CFT correspondence. 
Their existence is related to the extrema of the scalar potential characteristic of the gauged 
theory. Tensor multiplets, as well as vector- and hypermultiplets, give contributions to this 
potential. Therefore, the possibilities of finding new classes of supersymmetric minima of 
the potential are increased once the characterization of supersymmetric solutions with the 
most general matter couplings is done. With the aim to get some insight on this class of 
configurations, in this paper we analyze supersymmetric scalar-gravity configurations once the 
characterization program has been completed. These configurations have vanishing vector 
and tensor fields and the hyperscalar are just constant, hence the scalars of the vector/tensor 
multiplets and the metric are the only active fields. Scalar-gravity configurations are close to 
pure gravity configurations and are appropriated to study minima of the scalar potential. 

In order to give a further proof of the usefulness of the characterization of the supersym- 
metric solutions, in this paper we use the results of this program as a framework to find new 
supersymmetric solutions of A/" = 1, = 5 Supergravity with several active matter fields. In 
Ref. [9J new exact supersymmetric solutions of the ungauged N = 1, d = b supergravity theory 
with hyperscalars taking their value in the 50(4, l)/5'0(4) manifold were found. The setting 
used was taken from a solution of the six- dimensional theory found in Ref. [13] . It is intersting 
to see wether these 5d solutions can be generalized to the gauged case and with more active 
matter fields. Moreover, The 5d solutions found in Ref. [9] have a naked singularity whereas 
the 6d solution found in Ref. [I3j, which belongs to the gauged theory, has a horizon. There- 
fore, it is also interesting to determine if the presence of naked singularities is linked to the 
ungauged scenario. Motivated from these previous results on the 50(4, 1) /SO (4) model for 
the hyperscalars, we take this model to find the new supersymmetric solutions. To this end 
it also required to set an appropriated model for the scalar fields of the vector/tensor multi- 
plets, as well as the gauge group together with the representation under which the tensor fields 
transform. 

This paper is organized as follows: In the next section we show the generalities of the theory, 
including the action, equations of motion and supersymmetry transformation rules. In section 
3 we perform the characterization program. We subdivide this section in three parts: general 
results, time-like case and null case. In section H] we analyze the supersymmetric scalar-gravity 
configurations. In section [5] we show exact supersymmetric solutions in the 5*0(4, 1)/S'0(4) 

^Of course, after all we are interested in supersymmetric solutions, hence all fields are on-shell for us. 
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model for the hyperscalars. Finally we present some conclusions. 

2 J\f = l^d = b Supergravity with gaugings and general 
matter couplings 

The theory was elaborated by several authors in successive steps. The Lagrangians of the pure 
A/" = 1, (i = 5 Supergravity were found in Refs. [IT]. The couplings of the pure theory to 
vector multiplets in the ungauged and gauged scenarios were analyzed in Refs. [TSl HH] and the 
extension to tensor multiplets was done in Ref. [13]. The first complete Lagrangian of gauged 
A/" = 1, (i = 5 Supergravity coupled to vector, tensor and hypermultiplets with general scalar 
manifolds was given in Ref. [20]. The authors of Refs. [T5l [20] . however, considered only a 
restricted class of couplings between vector and tensor fields. The theory with the most general 
couplings was achieved in Ref. [21] , and we take the action from this reference, following most 
of its convention^ 

The field content of the theory consists of the supergravity multiplet {e^", V'^, A^}, ny 
copies of a vector multiplet, {A^', 0^', A^'*}, x' = l,...,ny, ut copies of a tensor multiplet, 
{i?^^, (p^^ , A*^*}, M = 1, . . . , TT-T, and nu copies of a hypermultiplet, {g^, C*^}, X = 1, . . . , Ann- 
As it is well-known, several fields of the supergravity, vector and tensor multiples are related 
between them by symmetries hence it is convenient to treat them on the same footing. From 
now on we use the following notation: 0^ and A^*, x = 1, . . . , ny + nT-, are the scalar and spinor 
fields of the vector-tensor multiplets; , I = 1, . . . ,nv + 1 are the vector fields, including the 
vector field of the supergravity multiplet, and , I = 1, . . . ,nv + ut + I represents the field 
strengths/tensor fields, = {F^ , B^^). In some instances it is convenient to unify the notation 
on the scalars, hence we use sometimes the index x and the variable ip^ = {(j)^,q^). All the 
spinors satisfy a symplectic-Majorana condition. 

The target manifold of the (p^ fields belongs to the class of very special geometry whereas 
the target of the fields is a non-compact quaternionic Kahler manifold. We denote these 
manifolds hj Aiys and A4qk respectively. The former is defined through the embedding of 0^ 
into h\(j)^), such that J^vs is defined by 

Cjj^/iV/i^ = 1 , (2.1) 

where C/j^ is a completely symmetric constant symbol. Given C/j^ one has the scalar metrics 

o/J = -'^Cjjjih'' + 3hjhj , g^y = hih'yajj , (2.2) 

where hj = Cfjj^h-^h^ and /i^ = —\/3dxh'^, hj^ = +\/3dxhj. Various identities of the very 
special geometry can be found in Ref. [18] 

Quaternionic Kahler manifolds are 4nj:f-dimensional Riemannian manifolds characterized 
by a metric qxy and a quaternionic structure Jx^, such that the three two-forms Jxy are 
covariantly closed respect to a su(2) connection ujx whose curvature is proportional to Jxy- In 

^ In contrast to Ref. |21| . we use a mostly minus signature for the space-time metric and define the Ricci 
tensor by = Rf_iai^°'- We raise and lower the SU{2) index according to Ai = eijA^ , A' = —e^^Aj. We also 
fix the value of the five-dimensional Newton constant, = \/2. 
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general, the holonomy of a quaternionic Kahler manifold is SU{2) x Sp{nH,^)- For uh = 1, 
however, these conditions are not restrictive at all. In this case quaternionic Kahler manifolds 
are defined by the conditions of being Einstein and self-dual. The subject of quaternionic-like 
manifolds is treated in detail in Ref. |22j . 

In the gauged theory the vector fields are the gauge fields for some group G that also acts on 
the "matter" fields of the theory (scalars, tensors and spinors), which leads to couplings between 
gauge and matter fields via covariant derivative^. We shall use names as "G-symmetry" to 
refer to this kind of gauge transformations. 

Since the Lagrangian is a cr-model for the scalars, the G-group must be a subgroup of the 
isometrics of the target manifold. Therefore the directions of the gaugins are determined by 
Killing vectors satisfying 

[kj,kjf = -fjj''kK'. (2.3) 

To each Killing vector of the Mqk manifold there is associated a triplet of scalars that form a 
SU{2) vector, 

2nHpi = Jx^^Vyki'' , (2.4) 

which is called the momentum map. Momentum maps allow the embedding of the G-transformations 
into SU (2) transformations, which is the R-symmetry group acting on the spinors. In partic- 
ular, the corresponding SU{2) gauge connection is ^A^Pj. In addition, there are R-symmetry 
gauge transformations induced by SU (2) transformations in M.qk, such that the full space-time 
gauge connection for the R-symmetry is the combination 

B = dq^u}x + l9A^Pi. (2.5) 

For instance, the covariant derivative on the gravitino i^ 

= V^V^t + B^/^i . (2.6) 

In absence of hypermultiplets {hh = 0) the momentum maps Pj can still be defined in two 
cases in which they are equivalent to a set of constant Fayet-Iliopoulos terms. In the first case 
the gauge group contains an SU (2) factor and 

Pi = ej^, (2.7) 

where ^ is an arbitrary constant and the e} are constants that are nonzero for / in the range 
of the SU{2) factor and satisfy 

e/ X ej = fjj'^eK . (2.8) 
In the second case the gauge group contains U{1) factors and 

Pi = e^i, (2.9) 



''in the ungauged theory the vector fields have stiU AbeHan gauge symmetries, but they do not act on the 
matter fields. In both cases there are other couplings between gauge and matter fields besides the covariant 
derivatives. 

^We use the symbol D to denote the generalized space-time covariant derivative. It is made from the affine, 
spin and vector gauge connections. When it acts on SU{2) objects like the spinors it includes the B connection. 
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where e is an arbitrary SU{2) vector and the ^/s are arbitrary constants that are nonzero for 
the / corresponding to U{1) factors. 

Tensor multiplets can be coupled only in the gauged version of the theory. In general, 
the vector/tensor multiplets are mixed under the action of the G-group. They transform in a 
representation whose basis is denoted by ti, 

[ti,tj] = -fij''tK. (2.10) 

The general form of these matrices is 

where, of course, the adjoint-representation components correspond to the gauge sector, whereas 
the rest of components are not in the adjoint representation and correspond to the transforma- 
tions of the tensor multiplets. Although fjj^ and t/Ar*^ realize smaller representations of the 
G-group, the presence of the t/j*^ components makes tjj^ a non completely reducible repre- 
sentation. It is known [T5] that the supersymmetry of the theory forbids the coupling to vector 
fields that are "charged" under the G-gauge group (i. e., transforming homogeneously in a 
representation that is not the adjoint), since this kind of vector fields would be massive and 
this leads to a mismatch between the fermionic/bosonic degrees of freedom. Massive tensor 
fields are the only admissible charged two-forms in the theory. 

The Killing vectors of the target manifold Aivs are completely determined in terms of the 
matrices tj, 

kj"" = -Vstj/h-^'^^hj^ = -Vstj/h^h]^ . (2.12) 
The G-symmetry transformations and covariant derivatives of the bosonic fields are 

SaA' = dA' + gfjK'A'A'' , SaX' = -gAhj^'X^ , (2.13) 
<5av^" = -(^A^fcf , (2.14) 

DX^' = dx'^ + gAHjj^^X^ , Dy?* = d^^ + gA^ki^ , (2.15) 

where X^ can be , and so on. 

The action of the theory needs one more symbol: an antisymmetric and invertible matrix 
^MN (the number of tensor multiplets is restricted to be even). We denote by VL^''^ the (minus) 
inverse of ^mn-, ^mn^^^ = ^m^ ■ Invariance of the action under G-symmetry transformations 
imposes the constraints 

t/[A/^^iv]p = , (2.16) 

^/(/C^XL)F = . (2.17) 

Moreover, it turns out that the tensorial components of Cjjf^ are not independent parameters, 
they are instead given b}{§ 

CjKM = ~^'t{jk/^PM ■ (2.18) 

^ = 



6 



Notice that, in order to avoid singular metrics ajj and Qxy for a theory coupled to tensor 
multiplets, we must demand that not all the components tjj^ vanish, that is, tensor multiplets 
can be coupled only in the gauged theory and only when they are charged under some sector 
of the G- group. 

The bosonic action of A/" = 1, (i = 5 gauged supergravity is given b}0 



S 



+ir,CijKF^F^A^ - \gSjjKLF^A^A^A^ + ^.g^SuKLfFa' (2.19) 



+\^MN [g-^B^'dB'' + 2tij''B^'A'FJ + hp'' B^' A' B^) 



where 



V(0,g) 



Ag' (2P-P-P,-P^- Ik^h , , 



Ag^C''''hjPj-PK-'^k^h) , 



P = j-,h'Pj, P, = j=^hiPj, r = Vsh'k^ 



[2.20) 



[2.21) 



[2.22) 



SlJKL — J^CpjjfxL^ — \^MNtjI^tKL^ ■ (2.23) 

The equations of motion of the bosonic fields, for which we use the following notation 
1 5S 



= ^= f A T 5 



2.24) 



are 



£ 



X 



(2.25) 
(2.26) 
(2.27) 



^Si = -d^Hj + gA-'fjj''^HK + lA-'tjj''QMN^B'' + j^Cjj^H'H'' + gkj.,^^ip' 



[2.28) 



-*^£m = g ^^mn'^B^ — 2-k Hm ■ 



^2.29) 



^ In this formula we omit the wedge symbol in the multiplication of differential forms 
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Note that the Maxwell equation (12.281) is G-gauge-invariant only when the £m equation is 
strictly on-shell. However, we may define the alternative equation 

= ^Sj-\gAhji^^8M, (2.30) 

= -T)^Hj + j^CjjjiH^H'' + gki^^D^^, (2.31) 

whose gauge transformation is 

6a^Si = gA'fn''^SK + gkhji^W'D ^ 8m) ■ (2.32) 

Therefore, the pair [Sj, —^D^S'^'/') is a doublet of the G-symmetry group. When one deals with 
solutions, which requires the vanishing of all equation of motion, one may freely choose between 
the Maxwell equation (12.281) or the alternative equation (12.311) . The use of Eq. (I2.3ip has the 
advantage that the G-symmetry-covariance is kept manifest even off-shell. This property is 
particularly useful for the analysis of the Killing Spinor Identities [231 Elj, which we are going 
to study in detail in section [3l In the KSIs one regards all the equations of motion as off-shell 
expressions in order to determine which of them are really independent when they are evaluated 
on supersymmetric configurations. 

Eq. (I2.29P can be considered as a massive selfduality condition for two-forms in five dimen- 
sions [16] and, moreover, it is the integral of the Proca equation. To see this, consider for a 
moment the Eq. (I2.29P evaluated on vanishing v.e.v. for scalars and vectors, 

dB^^ - 2gn^^^ * = , (2.33) 

where we have assumed a/j = Sjj. Operating this equation with -kd-k we get 

i.di<dB^' +[MYnB'' = 0, (2.34) 

where 

[>l2]A/^^_4^2^MP^PiV_ (2.35) 

Eq. (I2.34P is the Proca equation for a two-form. As usual, this equation is equivalent to 
d^ B^^ = and the Klein-Gordon equation ((J^tvV^ + [M^f^N)B^^ = 0. Therefore the 
eigenvalues of Ai^ are the mass parameters for the tensor fields. 

The supersymmetry transformation rules for the fermionic fields, evaluated on vanishing 
fermions, are 

= ^,e'-^^h^H^-^i^,^p-Ag,^^p)e^ + j=^gP;^,e^, (2.36) 

S^y^ = -lh]^~^ + gk'^'^e' + V2gP''j'e^ , (2.37) 

5,C^ = I {^q^ + gk"") fx'\ (2.38) 
and the supersymmetry transformation rules of the bosonic fields are 

5.e% = fe,7>;, (2.39) 
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= <, (2.40) 

5,0^ = ie,A^\ (2.41) 

6,B'^i = 2S)[X'H+2V3^^?ei7[^V'i,]/iiv^^'"^ + ^^7Q7^.A^'^/i^,n^^^, (2.42) 

S^q^ = -teX^hA"". (2.43) 

where 

< = -'§^h'-e^^l + lea.X'-X • (2.44) 

Let us make a brief comment about pure gravity solutions. If we turn off vector and tensor 
fields, = B^^ = 0, the scalar fl2.26l) - fl2.27l) and Maxwell equations (12.311) become respectively 

V V* - d^V = , kj^d^ifi^ = . (2.45) 

The simplest solution to the last equation is (9^0^ = d^q^ = 0, which implies for the former 
equation that the solution is a critical point of the potential, as expected for a pure gravity 
solution. If the scalars fields are constant all the objects that belongs to the target manifold, 
like , h^, kf and Pj, are also constant as well as the scalar potential is (the cosmological 
constant). We shall find this kind of configurations in section [Has part of the supersymmetric 
solutions. 



3 Supersymmetric configurations and solutions 

We follow the procedure of Refs. [9], , where the standard programme based on the spinor 
bilinears was used to solve the KSEs combined with the computation of the KSIs in order to 
determine the independent supersymmetric equation of motion. In these papers the super- 
symmetric configurations and solutions of the ungauged/gauged Af = I, d = 5 Supergravity 
coupled to vector- and hypermultiplets were characterized. Here we follow the same steps now 
including tensor multiplets, writting only the main steps. 

3.1 General results 

3.1.1 Killing Spinor Equations and bilinears 

The KSEs are 

^^e'-^^hiH'^f'{^,^p-Ag,^^p)e' + j=^gP/^,e^ = 0, (3.1) 
+ - + 2y2^P", V = 0, (3.2) 

(^g^ + ^?F)/x*^e, = 0. (3.3) 
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By comparing with the theory without tensor multiplets, we see that there is a new term in 
the gaugino KSE fl3.2p proportional to the projection ~ h^kf. This projection automatically 
vanishes if there are no tensor multiplets. When tensor multiplets are turned on, it can be 
easily shown that 

h^k^j = -2n^^^hMh% . (3.4) 

The spinor bilinears that can be constructed from the Killing spinor are the scalar /, the vector 
V and the three 2- forms 

The corresponding differential equations for the bilinears are 

df = ^^hjivH', (3.5) 
V(^K) = 0, (3.6) 
= -f^f^iH' '^,^ihjH' ^V)-^-^gP-^, (3.7) 

P X (^$)„;37 + '^QaipV^A , (3.8) 



where 

and the algebraic ones are 



= V„$/3-, + 25, X , (3.9) 



V^'^S^y.^ = -gfk\ (3.10) 

/D^g^ + •I'VS.g"' JV"" = -gk^'V,, (3.11) 

f^,r -^H',,^ = -gkW^, (3.12) 

$^,D>^ + ie^,«^^/i|i/^'''°$^^ = -2V2gP^V,, (3.13) 

hJHif^^''^ = 4V2gfP\ (3.14) 
The differential equation for 03. 8p implies 

d^r ^ 2e'''B' A = V^ge'^^'P' * . (3.15) 

Eq. (13.61) says that V is an isometry of the space-time metric. We fix partially the G- 
symmetry using the condition 

ivA^ + V?>fh^ = (3.16) 

In this gauge, the scalars g^, 0^ and / are independent of the coordinate adapted to the 
isometry V . 
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3.1.2 Killing Spinor Identities 



We use the Killing Spinor Identities (KSls) [23l [23] as an easy way to determine which of the 
equations of motion are independent once they are evaluated on supersymmetric configurations. 
The KSIs are derived from the supersymmetry transformation rules of the bosons, which are 
hsted in Eqs. (QD - (^M- 

The main difference we found respect to Refs. [9[ [10] is that, since now me have tensor 
multiplets, each of them containing scalar, tensor and spinor fields, there are new KSIs that 
arise as new components of the old KSIs that were obtained by taking derivatives respect to 
A^. Moreover, the supersymmetry transformation rule of the tensor fields is a totally new rule, 
hence the explicit form of the KSIs is modified by the presence of it. 

The KSIs that we obtain from Eqs. ([XSQ]) - ([CTD are 



1 uMfT>,u 



0, 



(3.17) 



N 



0, 



(3.18) 



(3.19) 



These are spinorial expressions. We may obtain the tensorial KSIs by contracting these equa- 
tions with {a"^)i^ej and {cr"^)i-'€j'ya, where a™ = (l,a). The tensorial KSIs are 



0. 



(3.20) 



(3.21) 



(3.22) 



£xf = 0. 



{S,,-fgn''''hMSN^.uWa = 0, 

£,V, - {hi£j, - lh'JJ)''£Mu^)f + gn''''hM.£N.^.V'' = 0, 



{hi£i^ - '^h^^,£M''n^>.a + lgn'^''hM.£N>.u^^a 



0, 



(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 



£xV^ 



0. 



(3.28) 



So far we have obtained the general equations and KSIs for the bilinears. To extract further 
information from these equations it is necessary to study separately the time-like (/ ^ 0) and 
null (/ = 0) cases. 
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3.2 The timelike case 

3.2.1 The equations for the bihnears 

The metric can be written in the form: 

ds^ = f {dt + uf - r^hrnndx^dx^ , V = Ot (3.29) 
with uj and hmn independent of time, as well as / and (f^ due to our partial G-gauge fixing 

The splitting of the gauge potential is 

= -Vsh^e^ + , (3.30) 

where e° = f{dt + uj). The supersymmetric expression for = {F^ , -B^^), obtained from the 
equations for the bilinears, is 

= -VS I)(/iV) + , (3.31) 

where 2) is the 4-dimensional spatial covariant derivative with respect to , = {F^,B^), 
is the field strength of A^ and i?^^ are spatial two-forms. The magnetic component of these 
fields are subject to 

hj-H'^^^ = j=JidcoY^\ (3.32) 

H^(-) = -2gf~^C^^^hjPK (3.33) 

These equations should be regarded as conditions on A^ instead of F^ , otherwise we were 
forced to impose the corresponding Bianchi identity. The other point of view, however, could 
be fruitful in the ungauged case in which the gauge potential is not needed explicitly to build 
supersymmetric configurations. 

Since there are not couplings between hyperscalars and tensor fields, the differential equation 
for the hyperscalars is of the same form of the case without tensor field^ 

S„g^ = <l'^„"I)„g^JV''. (3.34) 

The projection of Eq. (I3.15P along V says that they are time-independent in the gauge 
fl3.16p . The spatial components of the Eq. fl3.8p giv^ 

= . (3.35) 
We can solve this equation for ^'■"^ in an arbitrary frame and SU{2) gauge: 

^ mnp • '^dfn^nq ' ^qp i (3.36) 

This equation expresses the embedding of the SU (2) connection B into the anti-self-dual part 
of the spin connection of the base manifold. Note that the explicit form of this equation is not 



^From now on spatial flat indices refer to the 4-dimcnsional spatial metric /i„ 
^We have introduced the spatial connection B = dq-^ux + hgA^ Pj. 
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affected by the presence of tensor fields, see Ref. [TO]. However, we can not conclude that the 
class of supersymmetric spatial manifolds is the same with or without tensor fields because we 
have not analyzed the equation of motion yet. 

Alternatively, the above condition can be expressed in terms of curvature tensors. This is 
achieved by studying the integrability condition of Eq. (13.351) . The results for the anti-selfdual 
part of the Riemann tensor, the Ricci tensor and the scalar curvature are 

R^'^mnkl = li^mq^'^nq'^JxY-^kl-^gF'mnPl-^kl, (3.37) 

Rmn = -l^mQ^'^nq^gxY + 2gT^ C' ' hjPj ■ Pk^^^ + gP'^^+^mp^^^ ■ Pj , (3.38) 

R = -\'b^q''^mq'gxY + ^g^r'C''''hjPj-pK. (3.39) 

Previous results on supersymmetric configurations can be deduced as limiting cases of the 
above relations for the spatial metric hmn- For example, by sending the coupling constant g to 
zero we recover the spatial curvature for supersymmetric configurations of the ungauged theory 

R^ ^mnkl = \dmq^dnq^JxY " ^kl , Rmn{,h) = -\dmq^ Bnq^ gXY ■ (3.40) 

If we also turn off the hyperscalars the resulting spatial manifold is Ricci-fiat and Eq. (13.351) 
becomes Vm$np = 0. Therefore is a triplet of integrable complex structures with imaginary 
unit quaternion algebra. This corresponds to a hyperKahler manifold, as was found in Ref. [3]. 

Other known limit is the gauged theory without tensor and hypermultiplets. We recall that 
in this case momentum maps are constant, which take the form Pi = e^/ for the case of the 
G-group that includes U{1) factors. For these models the Eq. (I3.35P becomes 

V„$„p + gA^^ie X $„p = . (3.41) 

From this equation it is clear that the tensor e • $ represents an integrable complex structure. 
Therefore the base spatial manifold is Kahler, as was found in Refs. [H [5]. 



3.2.2 Solving the Killing spinor equations 

The necessary conditions for having unbroken supersymmetry that we have derived in the 
previous section are also sufficient. Indeed, it can be shown that the S^ipli^ ^eA^* and S^"^ 
equations are solved by the configurations as we have them, in an arbitrary frame and SU{2) 
gauge, by the Killing spinor 

e\x,Xo) = y/Pexp ( j dxfdrnPiix,) j e^o, (3-42) 



XO 



where is a constant spinor. These spinors are subject to the projections 

n+/e^' = , R-e' = , (3.43) 
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where 

R^ = \{1± 7°) , W^j' = i( <5 ± I ^Ma^"))^. ' . (3.44) 

In a frame and SU{2) gauge where <I> is constant, the Kilhng spinor is just e* = a/J^o- 

The supersymmetric configurations preserve in general 1/8 of the supersymmetries. These 
projections are to be imposed for general supersymmetric configurations. There could be, 
however, special configurations for which some or all of these projections are not needed, hence 
preserving a big fraction of supersymmetry. 

3.2.3 Supersymmetric solutions 

In the time-like case we find that the independent KSIs (written in the fiat five- dimensional 
frame) are 

0, (3.45) 

-^5oh(/i'^/|6) - lh''T)'SMc\b)) , (3.46) 

hiSio — \h^'^°'£Mao , (3.47) 

^h'^D°'£Mam — '^9^^^ hMSmm , (3.48) 

^h^D°'£Mam + 9^^^ hMx^NOm , (3.49) 

0, (3.50) 

0. (3.51) 

Eq. fl3.45p says that all the supersymmetric configurations automatically solve the equation 
of motion of the hyperscalars. Eqs. (13.461) and fl3.47p imply that if the Sj and £m equations 
are satisfied, then the Einstein and equations are also satisfied. Conditions (13.481) and 
fl3.49p imply that the space-like components of the equations £[ are satisfied if the tensor 
equation is solved. Finally, Eqs. (I3.50p and (13.510 say that the ant i- self- dual part of the space- 
like components of the tensor equation, S^^^ \ vanishes automatically for supersymmetric 
configurations. Therefore, in the timelike case, the necessary and sufficient condition for a 
supersymmetric configuration be also a solution of the theory is that it must solve the time-like 
component of the vector equation Sj and the 8^ and S^^^^^ components of the tensor equation 
of motion. 

The time-like components of the Maxwell and £m equations evaluated on supersymmetric 
configurations yield 

(3.52) 



£x 

£-ab 

s 

'-'X 

It <-'Im 



Nmn 
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f-^e^^v^ = g-'QMNit)B'' + 2V3i){hM/f). (3.53) 

It can be checked by direct computations that the space-hke components of the tensor equation 
vanish automatically for supersymmetric configurations. From the analysis of the KSIs we were 
aware of the vanishing of S^"'^ ^ . 

The Bianchi identity for the field strength holds automatically since we assume that we 
are always dealing with the gauge potential explicitly. 

We summarize our results on supersymmetric solutions in the time-like case. The objects 
that have to be chosen are a scalar function /, a 4-dimensional Riemannian manifold with 

— * 

metric together with an almost quaternion structure ^mn, a 1-form cOm, ny + nr scalars 
mappings (f)^ to Advs, 4nij hyperscalar mappings q-^ to A4qk, a gauge potential and ut 
two- forms . All these variables are spatial objects and are independent of time. They have 
to satisfy the following equations in order to get a configuration with preserved supersymmetry: 



^^~^mnp = -{dmq''Ox + yAl^Pl)-^np: (3-54) 

^mq'' = JV"" , (3.55) 

hjH^M ^ ^/(da;)W, (3.56) 

H^(-) = -2gf-^C^^^hjpK-^, (3.57) 



where we have formulated these conditions in a frame in which $ is constant. In addition they 
have to satisfy the following equation of motion in order to be a solution of the theory: 

i)\hj/f)-j-^C,j^e^^^^HLH^^ + j^^g[Pi.$^^^ = 0, (3.58) 

S)B^ + 2y3^1]^^*S)(/i^//) = 0. (3.59) 

The supersymmetric space-time metric, vector and tensor fields are determined in terms of 
these variables by 

ds^ = f{dt + Ujf-f-^hrnndx^dx^, (3.60) 

A^ = + (3.61) 

= -V3 i)(/iV) + (3.62) 

where e° = /{dt + cu). 

3.3 The null case 

3.3.1 The equations for the biUnears 

The five-dimensional metric can be put in the form 

ds'^ ^2fdu(dv + Hdu + u;)- f-^-frsdx''dx' , l^dx^^fdu, Fd^^d^, (3.63) 
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/'^ is a null Killing vector, r,s,t = 1, 2, 3, denote part of the spatial directions which we call the 
transverse directions. The objects defining this metric may depend on u but not on v. Now 
with the partial gauge fixing fl3.16p we have Al = and also the scalars field are f- independent. 

By a rotation of the dreibeins preserving the orientatioij^ we can bring $ to the form 

= -du A . (3.64) 

The splitting of the gauge potential is 

= A\du + A^ , (3.65) 

where A is a spatial one-form. 
Eq. fl3.15p becomes 



du A 



dv'' - (2e''''& + VQgf-^P'v''^ A v' = . (3.66) 
From this equation we may solve the transverse spin connection 

^rs ^ 2e'''B' - 2VQgr^P^''v'^ ■ (3.67) 
The differential equation for the hyperscalars iJ"1 

i^rq'^rx'^ = -9r'k'' . (3.68) 

The vector/tensor fields are determined from Eqs. (13. 5p . (13. 7p . (13. Sp . (I3.12p . (I3.13P and 
(fSOlD. Eqs. ([SISD and fl3:T2D lead to 

hI_ = gk^'hi , hI_ = Q. (3.69) 

The first of these equations is equivalent to 

= , = 2V?>gn^''hN , (3.70) 

where we have made use of the identity (13. 4p and the closure property of {/i^, /i^}. The vanishing 
of the component and consequently the vanishing of the component F^^, is consistent with 
our gauge fixing A^ = Q and the expected f-independence of the supersymmetric configurations. 
Eq. (I3.14P is automatically solved by (I3.69p . Therefore, the supersymmetric vector /tensor fields 
have the general form 

= Hl_e+e- + H^+re^e'' + , (3.71) 
where Hl_ = Sij{2V3gQ^^^ hj^) and are two- forms living in the transverse space, 

= \Hldx^dx^ = . (3.72) 



^°We use e"*" = e-| 123 = +1. The minus sign in the expression of is needed for the consistency of the 

equations for the bilinears. 

^^The covariant derivative S includes the transverse gauge connection . 
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The transverse components can be straightforwardly determined following the same steps 
done in Ref. [10] to determine . The result is 

= V3 ^{'bK' - j^^gr^P') , (3.73) 

where = / f and = a^'^Pj = a^'^PjV^. Similarly to the time-like case, we interpret this 
equation as a condition for rather than , hence we do not impose the Bianchi identity on 
the r.h.s. The components hjH^^ are determined from the + + r components of Eq. fl3.8p . 

hfH\r = -j=,f{Muj)r, (3.74) 

where we have assumed that 

Bl+lerstVs-duVts = 0: (3.75) 

which is nothing but a partial gauge fixing condition that affects the freedom to rotate the 
dreibeins. This condition basically fixes the w-dependence of the dreibeins. We can solve the 
one-form uj in terms of the vector and tensor fields from the equation (13.741) . 

duj = V3/-2 i{hi^A\ - huh^^^ - hiduA^) , (3.76) 

where we have defined the transverse one-forms b'^^ = B'^^ ^rV^ . This equation fixes u up to an 
arbitrary gradient. Therefore, the supersymmetric vector/tensor fields must take the form 

F^ = {i)Ai-duA^) Adu + F^ , (3.77) 

= 2V3gfQ^'^^hNduA{dv + uj)-b^^ Adu + B^ , (3.78) 
where F^ and B'^^ are given in Eq. (I3.73p . 

3.3.2 Solving the Killing spinor equations 

After use of all the information extracted from the equations for the bilinears, we conclude that 
the KSEs are solved by constant spinors subject to the projections 

7+e' = 0, ir^^\^e' = 0, (3.79) 

where 

n^(±) J = ± i^W^M J) . (3.80) 
These configurations preserve 1/8 of the supersymmetries. 

3.3.3 Equations of motion 

In the null case the independent KSIs are 

Sx = 0, Srs = 0, (3.81) 

£x = g^^^ hMx£N+- , (3.82) 
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£r+ — ^9^^^^ hM£Nr+ 



(3.83) 



la 



^ ^Mb- 



(3.84) 



hl.£jr 



D Subr + \9^ huxS-Nst^rst 



(3.85) 



0. 



n,MNi c 
g\L tlMxONr- 



0. 



(3.86) 



Let us analyze this system. Sx is automatically on-shell for supersymmetric configurations, 
as well as the transverse components Srs of the Einstein equations. If the tensor equation of 
motion is satisfied, Eqs. fl3.82p and (13.831) imply that the Sr^, Sa- and Sr+ equations are also 
satisfied, whereas Eqs. (I3.84I) - (I3.85I) imply that the components Sj^ and £jr of the Maxwell 
equations are satisfied. Finally, Eqs. ( I3.86P say that some projections of the tensor equation 
of motion are automatically on-shell for supersymmetric configurations. Therefore, in the null 
case, the independent equations of motion for supersymmetric configurations are and 
the tensor equation of motion, Sm- 

The -kSMrst and -kEuurs components yield respectively 



-2 f)M\ 



2)6^ - ^^B^ + V3gKh 



(3.87) 
(3.88) 

(3.89) 

and V0I3 is the volume element of the three-dimensional transverse space. The rest of the 
components of the £m vanish automatically. 

The component of the Maxwell equations (12.311) yields 



where 



M-r 



2C 



UK 



(3.90) 



m{K-'h^^) + -^^H-' A h^' + 2gPi A du + gf-^^D^ip'^Yoh + Qg^J^Mi . 



This equation is G-symmetry invariant, in particular, under w-dependent transformations. This 
fact can be used to partially fix the G-gauge by imposing 



^IJK 



m{K'duA^) + j^^H' A 9„A^J - Igf-'ki^if^Yoh - 59du^Mj = , (3.91) 
such that the Eq. (13.901) becomes 



/ 2^/+vol3 



2C 



UK 



m{K^^A^^) 



'^^UM 



+2gPi A duj + g^A\{f-^kfkii - 6tj/M^)vol3 



(3.92) 
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which is still covariant under w-independent G-symmetry transformations. In absence of tensor 
fields the term 



C 



UK 



K 



(3.93) 



can be expressed in terms of G-covariant Laplacians of and CjjkK'^ . In presence of 
tensor fields, however, this term is no longer covariant, hence we cannot write it in terms of 
covariant Laplacians. This obstruction is a consequence of the fact that tensor fields, which are 
the G-symmetry partners of vector fields, are not derived from any gauge potentials. 

Now we turn our attention to the component of the Einstein equation. There is a gauge 
freedom in the expression fl3.76p for the one-form u, which we use to impose a condition on lj: 

Vr{(^)r + 3(cl;)r9r log / = 



--J-'\l)rr - lr\i? + i/-V(7)r. + 3r'[dl\ogf- 2(9^ log 

+Cjj^K' [{duA\{d^A'')r - 2'b,AJj,duA'')r] + 2Cjj^jK\d^A\h'^r . 
The component of the Einstein equations becomes 

— / ^£-\-jf. = ^'^H -\- Cjjj^K^'I)^A'^ jj^rA^ u~ 2Cjjf^K^b^ r'i^rA'^ u-\- Cjj^^ 
-\9^f-^A'uA\g5.ykfkjy 



(3.94) 



(3.95) 



Let us summarize the results of the null case. The objects that have to be chosen are two 
functions / and H, a 3-dimensional transverse metric '')rs_ together with a Driebein basis v"^ for it, 
ny + nT scalar mappings 0^ to Ann hyperscalar mappings to M.qk, the components 

and A\ of the gauge connection A^ and transverse one-forms b^^ . All these variables 
may depend on u but must be w-independent. They must satisfy the following equations for 
preserved supersymmetry: 



X)rq J X 



where = / f. The equations of motion to be imposed are 

-AV^g^n^^Mj^Yoh 



M 



{d^A' -^A\)+tfj,''b'' 



(ij) 



(3.96) 
(3.97) 
(3.98) 

(3.99) 
(3.100) 
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c 



UK 



-C 



IJM 



-gPI^duJ+\g^A■\{r^k/kI^-QtJI^MJ,)voh = 



(3.101) 



(3.102) 

where Mj = f'^tf^jj-^^hpfh-^ and i?^ and (icj are going to be indicated below. In addition, for 
M-dependent configurations the partial gauge fixings fl3.75p . (13.911) and (I3.94p must be imposed. 
The supersymmetric space-time metric, vector and tensor fields are determined in terms of 
these variables by 



2fdu{dv + Hdu + to) — f '^jrsdx^dx^ 



(3.103) 



duj = Vsr^ i.{hii)A\ - hpib^^ - hiduA^) 
A^ = A\du + A^ , 



(3.104) 
(3.105) 



= i^Ai-duA^) Adu + F^ , 



B 



M 



2V3gfn^^^hNdu A {dv + u)-b^^ Adu + B 



M 



B^' = V3M'DK^' -j^gf-^P^'] 



(3.106) 
(3.107) 
(3.108) 



4 Scalar- gravity solutions 

Having performed the characterization of general supersymmetric solutions, we analyze now 
these conditions for the case of solutions with vanishing vector and tensor fields and constant 
v.e.v for the hyperscalars. Thus these are configurations with only the scalars (p^ and the metric 
g^u as the non-trivial fields. This study is illustrative since for this kind of configurations several 
of the conditions for supersymmetric solutions can be solved in a closed way. Moreover, one 
can go to the limit of pure gravity, which may facilitate future studies of vacuum solution with 
sources. Also the analysis could be very useful to define appropriated frameworks to search 
asymptotically vacuum solutions, as domain walls. A similar analysis has been done in Ref. [6] 
for the null case of the theory without tensor- and hypermultiplets. 
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4.1 Time-like case 

We consider the vanishing of vector and tensor fields and also q'^ = constant. The objects 
belonging to Mqk, such as gxY, kf and P/, are constants subject to the several constraints of 
the theory. 

In the time-like case it is not convenient to put directly = but instead to work in a 
different gauge which also leads to = 0. Indeed, if = the Eq. (13.621) implies 

= i){hj/f) = 0, (4.1) 



= V3fh^duj . (4.2) 
In view of the expression for given in Eqs. ( 14. 2p we choose the gauge 

= Vsfh^u . (4.3) 
In this gauge the first of Eqs. (14. ip becomes 

d{fh') = 2g5'Mn''''hNfu , (4.4) 

and one effectively recovers the expression for given in Eq. (14.21) . By projecting the equation 
(14. 4p to hj and hj we convert it into two equations 

df = 0, (4.5) 



d^ = -gfk^u, (4.6) 

where we have made use of the identity (13. 4p . From now on we put / = 1 for simplicity. Notice 
that Eq. (14. 4p implies that the components are constant, thus in the gauge (14. 3 p the 5d 
potentials are constant (unphysical) electrostatic potentials, = —y/Sh^dt. 

If we contrast the expression (14. 2 p for with Eq. (I3.56p we obtain that H^^^^ = (dcu)^'^^ = 0. 
If we now compare with Eq. (13.571) we obtain 

h'duj = -^^gd'^'hjpK ■ $ , (4.7) 

which can be splitted by projecting out to hj and hj^. This yields 

duj = -^gP-$, (4.8) 



Pec = 0. (4.9) 

We see that in the time-like case there are not supersymmetric scalar-gravity solutions with 
non-vanishing contribution to the potential. We also remark that P ~ h^Pj is constant for 
this kind of configurations. 

Now we examine the Maxwell equation (13.580 . The first term vanish due to Eq. (14. ip . Using 
the expressions we have obtained for and du and the fact that Px = 0, it is straightforward 
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to see that the second and third terms of the Maxwell equation fl3.58p cancel out mutually. 
Thus the Maxwell equation yields (gauged case) k^kj^ = 0. Projecting this equation to we 
obtain 

g^yk^ky = 0. (4.10) 

Since it is assumed that the metric of Aivs is Riemannian, we conclude that k^ = 0. Putting 
this result back into Eq. (14. 6 p we obtain that the supersymmetric scalar fields 0^ are necessarily 
constant. Consequently, all objects belonging to the target Aivs its ambient manifold like 
, hi. and g^y become constant. Since we have ended up with constant v.e.v. for all the 
scalar fields and vector/tensor fields vanish, this class of solutions must be critical point of 
the scalar potential V, as was mentioned at the end of section O From the point of view of 
the Einstein equations, these configurations are solutions of the vacuum equations (vanishing 
energy-momentum tensor) with or without cosmological constant. 

It is easy to see that the tensor Eq. (13.590 and the Eq. (I3.55P for the hyperscalars are 
automatically solved by the scalar-gravity configurations as we have them. 

The form of the five- dimensional metric depends on the triviality of u;, which in turn depends 
on the vanishing or not of the constant P. Hence we consider the two cases separately. 

Case 1: P = 

In this case Eq. (14.81) says that u; is a closed one-form, hence it can be removed from the 
5d metric by a coordinate transformation. Thus we set u; = for this class of configurations. 
According to Eqs. fj42|) and (gSD, and 13^' vanish. 

The last condition for preserved supersymmetry is the Eq. (13.540 for the spatial spin con- 
nection. In the Case 1 this equation yields that the spin connection is self-dual, ^mn = 0, which 
correspond to a spatial hyperKahler manifold {SU (2) holonomy). The three complex structures 
are precisely given by $, Eq. (I3.35P establishing their integrability, Vm$np = 0. 

In summary, the configurations in this case are 

ds^ = dt^ - hrrmdx—dx- , 0'' = constant (4.11) 

where h mn is an arbitrary four- dimensional hyperkahler metric. The v.e.v. for the scalars and 
the hyperscalars are restricted by the conditions Pi = k^ = 0. The simplest five-dimensional 
solution of this kind, given by h mn = Smn , is Minkowski space-time. 

^ — * — * _ 

The vanishing of P, P^ and k^ implies that these configurations have a zero scalar potential. 
Since the scalar potential is quadratic in these quantities, obviously this class of solutions are 
critical points of it. 

Case 2: P ^ 

Now in this class of solutions the one-form uj given in Eq. (14.80 is non-trivial, and also the 
variables do not vanish, as well as the two-forms and B^'^ . 

From Eq. (14. 8 p we see that the non- vanishing two-form VL = ep ■ $, where ep is the unit 
vector along P, is a closed form. From the properties of $ it is clear that ep ■ represents an 
integrable complex structure, thus we have that hmn is a Kahler metric. This Kahler metric is 
not arbitrary, it must satisfy the condition (13.541) on its spin connection, which takes the form 

^mnp ~ ^~^9P^m^np ■ (4-12) 
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The five- dimensional super symmetric metric is 



ds^ = {dt + Uof - hrnndx^dx^ , (4.13) 

where u and the Kahler metric are subject to (14. 8p and fl4.12p . The former states that u; is a 
local potential for the Kahler form. In this case the v.e.v. for the scalars are restricted by the 
conditions Pj 0, Px = = 0- 

For this class of configurations the scalar potential takes the value 

V = 8gP^>0. (4.14) 

To determine the value of its derivatives, take into account that, first, the terms proportional 
to P^ and k"^ yields a vanishing first derivative once evaluated on the configurations. The 
derivatives of the P^ term w.r.t. 0^' also vanish trivially. Finally, taking derivatives of the P^ 
term w.r.t. we obtain 

dxP' = j=^h'P ■ dxPi = j=^h'P ■ {-\JxYk] - IQx y<Pi)=0, (4.15) 

where we have used the standard formula for the derivative of a momentum map and the last 
equality follows after evaluating on the scalar-gravity configurations. As we expected, this class 
of supersymmetric solutions are critical points of the potential and this is positive (negative 
cosmological constant). 

4.2 Null case 

Again we consider constant values for the hyperscalars and the vanishing of vector and tensor 
fields, but now we work directly in the gauge = 0, thus we set 

A^ = Ai = 0. (4.16) 



We also assume that the configurations are u-independent. 

Since and B'^ are vanishing, we deduce from Eqs. fl3.98p . fl3.107p and (13.1080 that 
feA/ = 0, hM = and 

dih^/f)-j=^gf-'P^ = 0, (4.17) 

which is equivalent to 

d{fhj) + j,^gPj = 0. (4.18) 

Projecting this equation to yields 

(i7 + ^^PV = 0. (4.19) 

The condition (13.960 for the spin connection becomes 

= -2V6gr^P^"v'^ . (4.20) 

By combining this equation with the Cartan's structure equation and Eq. (14.190 it can be shown 
that 

d[f-^l\^) = . (4.21) 
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Thus the transverse one forms are locally exact one- forms, j~'^l'^v'^ = dy^, for some 

functions y^. If we take y- = S-ry^ as the transverse coordinates, then the transverse metric 
acquires a diagonal form, 

7rs = fSrs, (4.22) 

and the Eq. f l4.18p takes the form 

f-^/%(fh,) = -j=^gPf. (4.23) 

The last condition for preserved supersymmetry is the Eq. fl3.97p . from it we obtain = 0. 
From the indentity (13.41) we also see that Hm = implies = 0, thus again we have the 
vanishing of fc^. 

Putting these results in Eq. (13.1041) we obtain du = 0, which, together with the u-independence, 
implies that the one-form u can be removed from the metric (I3.103P by a coordinate transfor- 
mation. 

Now we analyze the supersymmetric equations of motion. It is easy to see that any scalar- 
gravity configuration that satisfies the conditions we have found automatically solves the super- 
symmetric equations of motion (13.990 . (I3.100p and (I3.10ip . The Einstein Eq. (I3.102p becomes 
into a harmonicity condition for the scalar H, 

V^H = . (4.24) 

Summarizing what we have obtained so far, the five- dimensional metric takes the form 

ds"^ = f[2du{dv + Hdu) - dy^dy^ , (4.25) 

where H is harmonic respect to the metric f^Sr^ and the scalars / and (p^ and the v.e.v. of 
are subject to hu = k^ = and Eq. (14.230 . Concrete solutions of this equations depend 
on the value of the constant momentum map Pj. In any case, we see that, in contrast to the 
time-like case, in the null case scalar-gravity supersymmetric solutions can have non constant 
scalars fields 0^. The presence of the harmonic function H suggests the coupling to external 
sources. 

We may further refine the characterization for the case of constant scalar fields 0^. As we 
have already mentioned, this kind of solutions must be critical points of the scalar potential. 
If dr(j)^ = the Eq. (1^231) takes the form 

hjdJ-'/' = j=^gPf, (4.26) 

and its projection to yields 

drJ-'/' = f,9P'-. (4.27) 

This can be easily integrated, 

/-i/2 = ^^pr^r + c, (4.28) 

where c is a integration constant. On the other hand, the projection of Eq. (14.260 to h^. yields 
Px = 0. Thus we see that the scalar potential receive only the P^ contribution. Following 
the analysis done in the time-like case, it is easy to see that the first derivatives of the scalar 
potential vanish. 

The presence of the function /, whose expression (I4.28P depends on P, affects the space-time 
geometry. We may extract further information if we consider two cases separately: 
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Case 1: P = 

In this case (or in the ungauged limit) the function / becomes constant and it can be absorbed 
by coordinate rescalings. Thus the metric is 

ds"^ = 2du{dv + Hdu) - dy^dy^ , drprH = . (4.29) 

If if = we arrive at 5d Minkowski space-time, as we expected since for P = the scalar 
potential vanishes. 

Case 2: P ^ 

We perform a further coordinate transformation: pick up two constant, unit SU{2) vectors 
e- in such a way that (e -, ep) be an orthonormal triad. We define the coordinate system {z-, w) 
by 

^i = e^^ w = e^f-+y^c, x^ligP)-', (4-30) 
such that / = cind dy-dy- = dz-dz- + dw"^. The five- dimensional metric takes the form 

ds^ = ^[2duidv + Hdu)-dz^dz^-dw'^], (4.31) 

didiH+{w-^H')' = 0, (4.32) 

where the prime stand for the derivative w.r.t w. It is evident that if if = this metric is 
AdS^, which is the natural solution since the scalar potential with its sole P^ term yields a 
negative cosmological constant. 

5 Solutions in 50(4, l)/SO{A) 

As we mentioned in the Introduction, in Ref. [T3] an exact supersymmetric solution of A/" = (1, 0) 
gauged six dimensional supergravity was found. The solution is a dyonic string with active hy- 
perscalars. In the model used the hyperscalars take values in the 5*0(4, 1)/S'0(4) manifold and 
the G-gauge group is SU{2). The model also has one tensor field, being the magnetic/electric 
charges of the dyonic string defined in terms of it. Using the same 5*0(4, 1) /SO (4) target, 
two supersymmetric solutions of the ungauged five- dimensional theory coupled to vector- and 
hypermultiplets were found in Ref. [9J. These solutions have a point-like naked singularity. In 
general, the supersymmetric solutions of the 6d and 5d theories, the former classified in Ref. |13j . 
have in common that the condition fl3.55p has the same structure in both case^. These results 
are encouraging to look for more 5d supersymmetric solutions in the 50(4, 1) / 50(4) model for 
the hyperscalars, now within the frame of supersymmetric solutions of the gauged theory with 
general matter couplings, whose characterization we have performed in section [31 

It must be pointed out that the active tensor field of the solution found in Ref. [13] is a 
gauge or massless tensor field, that is, it appears in the Lagrangian only through its exterior 
derivative G = dB(^Q) + ■ ■ ■. Indeed, this tensor field is the combination of two self /anti-self dual 
ones that satisfy the usual massless duality relations in 6d, ^eO^ ~ ±G^. This 6d tensor field 
should not be compared with the tensor fields of the five-dimensional theory we have used in 
this paper because the latter are, as we have already pointed out, massive fields. 

^^In 6d all the supersymmetric solutions fall in the null class. The corresponding transverse space is four- 
dimensional and can be compared with the base spatial manifold of the time-like class in the 5d theory. 
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5.1 The model 



We start by defining the geometry of tlie SO {4, 1)/S'0(4) manifold and tlie directions for the 
gauging. Some prehminaries we need have been aheady shown in Ref. [9], we rewrite them 
here in order to get a self-contained discussion. We use underlined indices, X. = 1)2,3,4, as 
curved indices in SO {4, 1)/S'0(4) and non underlined indices X as fiat indices. Therefore the 
coordinates of this manifold are denoted by q—. The metric is 



gxY = A'SxY, A{q') = -^^. {5.1] 

1 — q—q- 



It can be checked that this metric is Einstein, and since it is also conformally fiat, it is trivially 
selfdual. Therefore this metric is a four-dimensional quaternionic-Kahler manifolco. A vierbein 
for this metric is 

i?^ = AS'^Ydq^, Ex = A-'6x^-^. (5.2) 
The anti-selfdual part of the spin connection is 

= i= (^gt^E^l - le^^^^g^E^^ , (5.3) 

where q^ = S^y_ Q—- In both the coordinate and the Vierbein basis the three complex structures 
are given by the 't Hooft symbols, 

which are real, constant and anti-selfdual matrices in the X, Y indices. This leads us to establish 
a simple relation between and the SU{2) connection ux-, 

Vt^yry^ = — oox ' Jy^ ■ (^■^) 

The group of isometrics of 5*0(4, 1) /SO (4) is 5*0(4). The corresponding Killing vectors, 
their so (4) algebra and their associated momentum maps are given by 

Kr— — 2P XYQ—, f^r'— — 3^ XYQ—, 

P/=, = ^^ASrs , PLr' = , (5.6) 

[kr, kg]— = irstf^t~ 5 [kr' ■) kg']— = ^r's't'kt'~ , [kr, kr>]— = . 

Now we define the setting for the G-group. If a subgroup of the G-group acts non-trivially 
on the hyperscalars, then these must transform in a representation given by a subset of the 
Killing vectors (15. 6p . On the other hand, if a sector of the G-group leaves the hyperscalars 
invariant, then one demand simply that the corresponding Killing vectors (of Aigx) vanish, as 
well as their associated momentum maps. In our model the subgroup of the G-group that acts 
non-trivially on the hyperscalars is SU(2), to which we choose the first set of Killing vectors, 
kr—, together with their corresponding momentum maps. 
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The scalar curvature is 6, as required by the supersymmetry of the supergravity Lagrangian. 
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The G-group have to be also a subgroup of the isometry group of the very special manifold 
A4vs- This condition is established in terms of the constraint (12 .171) . which we rewrite here for 
convenience 

Let us start by analyzing this constraint without tensor multiplets. It is straightforward to see 
that it avoids the gauging of a pure 5u(2) algebra. That is, if one starts by coupling the pure 
supergravity to two vector multiplets, such that the range of the index J = r is three, and 
additionally declares that the G-group is SU{2), then one faces with the fact that there are not 
solutions of the constraint 

ers{tCuv)s = (5.8) 

for non-vanishing Crst- In view of this, we use three vector multiplets in our model, such that 
the total number of vector fields is four, and declare that the fourth direction of the G-algebra 
is Abelian, that is G = SU{2) x U{1). One may check that the constraint (15.71) is satisfied by 
the model 

G444 = 1 , G4rs = ■^Srs ; (5-9) 

and zero the rest of components of Cjjk, being = erst the only non-vanishing structure 
constants. The numerical values has been chosen by convenience. In order to keep the model 
as close as possible to the previous analyses in the 5'0(4, 1)/S'0(4) model for the hyperscalars, 
we require that these are invariant under the action of the U{1) sector, that is, ^4— = P4 = 0. 

Now we add up tensor multiplets, turning on two of them, ut = 2. For concreteness, the 
matrix Qmn can be taken as Q12 = 1. As we mentioned in section [21 not all the symbols tjj^ 
can be zero. Since in our model G = SU{2) x f/(l), evidently the simplest choice is to put the 
tensors fields charged respect the U{1) sector, forming a real doublet of it, but invariant under 
the SU{2) sector. In addition, we may require that tensor and vector fields do not mix under 
the action of the G-group. These three requirements are meet with the representation 

trs^ = erst-i t^N^ = ^^^^^ (5.10) 

and zero the rest of components. Due to their block-diagonal form, it is easy to see that 
the matrices tj realize the su(2) x u(l) algebra, as required in Eq. (12.101) . and satisfy the 
constraint (12.161) . Putting these matrices in the formula (12.181) we find that the only non- 
vanishing components of G/j^ are 

Camn = —^^MN ■ (5-11) 

The values of Cjj^ given in Eqs. (15.91) and (15. lip define the very special manifold Aivs- Having 
the matrices tj and Cjj^, it can be checked by direct computations that this model satisfies 
the constraint (15. 7p . 



5.2 The solutions 

We look for the solutions in the time-like class. The scalars fields 0^ are vanishing, hence the 
scalars and /i^ are nothing but constants. Since they are involved explicitly in the expressions 
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of supersymmetric solutions, it is important to have a concrete set of constant , h^. at hand. 
In our model the constraint (12.11) and its first derivative w.r.t. 0^ take the form 



(h'^ f ~ Ih^h'h' = 1, (5.12) 

htlih^'Y -lh'h']-lh'h'hl = 0, (5.13) 

where /i* = {h"^, h^^). A consistent solution to this system is = 1, h'' = 0, h'^ = and /i^ 7^ 0, 
which yields the simplest version for the scalar metric, ajj = 6jj. The (constant) induced 
metric g^y is diagonalized by h]., g^y = h^^h^dij. All the Killing vectors of J^vsi which are 
defined in Eq. f l2.12p . vanish for this solution. The tensor mass matrix defined in Eq. (12.351) 
yields [M^f'^N = 4:g6^^N- 

Now we turn our attention to the space-time metric given in Eq. (13.601) . We put u = 0. We 
assume that the base manifold is conformally flat, 

hrnndx^dx^ = Q^dx^dx^, Q = Q{r^) , = x^x^ , (5.14) 

and hence take the Vierbein on the base manifold to be 

V"" = QS'^rndx^ , Vm = Q'^S^^drn ■ (5.15) 

In this basis we can identify the complex structures of the base manifold with those of the 
hypervariety 

^'m"" = Sm'^rx'^Sy'' = mn • (5.16) 

The anti-selfdual part of the spin connection on the base manifold is 

_ - ie™xPt;5) (5.17) 

where x"* = 6"^rn x-. 

Regarding the supersymmetric vector/tensor fields given in Eqs. (I3.60p and (13.621) . we see 
that only the Abelian vector field has time-like component, 

A" = -V3fdt + A\ A' = A\ B^' = B^^. (5.18) 

These spatial fields are subject to the preserved supersjmimetry conditions (13.561) and (I3.57p . 
The former yields F^^~^^ = 0, whereas the / = (4, M) components of the latter yield 

F4(-) = 0, 5*^(-) = 0. (5.19) 

Thus we conclude that A'^ = 0, hence the Abelian gauge field is an electrostatic field, A'^ = 
— ^/Sfdt. The I = r components of Eq. (I3.57P becomes 

F^'' = ^.gf'^'Apl^. (5.20) 
Now we analyze the Eq. (I3.55p . In our setting this equations takes the form 

Smg— = {SmySnX - ^mX^nY " ^ ynnYx ) ^nQ- (5.21) 
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whose symmetric and antisymmetric parts give 

S^g^ = 0, (5.22) 

^ ImQn] 2^mnpq'^pQq ; (5.23) 

where qm = Q—- 

To solve these equations we use the same ansatz of Ref . [13] , 

q^ = x^Q, i'-^ = p^™,x^A, (5.24) 

where 

Q = Qir^) , A = Air^) . (5.25) 
Eq. fl5.23p is automatically solved by this ansatz, whereas the Eq. (15.221) is solved if 

r^Q' + {2 + ^gr^A)Q = 0. (5.26) 

This equation fixes one of the scalars A or Q in terms of the other one. 
The field strength of the gauge field given in Eq. (15.241) is 

= 2{p\_^x^]xP-+\p^^r'){2A'-gA'), (5.27) 

= -p'rnn{r'A' + 2A + lgr'A'). (5.28) 
By contrasting last expression with Eq. (15.201) we obtain the condition 

r'^A' + 2A+ yr^A" = -^gf-^n^A . (5.29) 

The last condition required by preserved supersymmetry is given in Eq. (13.541) . whose both 
sides can be evaluated on the configuration as we have it. This yields 

n' _ 2Q' + gA 

Q " 2(1 -r2g2)- ^^■'^^1 

This equation was already found in the six dimensional theory in Ref. [13], being Q the conformal 
factor of the transverse metric in that paper. If we solve Eq. (I5.26P for A and substitute it in 
Eq. (I5.30p . the resulting equation can be integrated, as was done in Ref. [13], yielding 

where we have put an irrelevant multiplicative integration constant equal to one. 
Having obtained Q, Eq. (I5.29P can be used to obtain an expression for /, 

gf-^ = -2V2{Q^A)-\r'^A' + 2A+ \gr'^A^) . (5.32) 

So far, we have analyzed the conditions imposed by preserved supersymmetry on the con- 
figuration. Now it is time to check the equations of motion, which are given in Eqs. (13.580 and 
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(I3.59p . One can check that the configuration, as we have it, solves the equation fl3.58p except 
for the 1 = 4 component, which yields 

VV"' - 2n~\r^A' + A){A + gr^A^) + ^n^^B'' = , (5.33) 

where B"^ = B^^B^^ and we have used the fact that B^^ are selfdual. 

The tensor Eq. fl3.53p evaluated on the configuration becomes (for g 0) 

i)B^^ = dB^^ = . (5.34) 

Therefore the spatial tensors B^ are exact two-forms, B^^ = dC^^ , with C**^ satisfying the 
self duality condition idC^^ = dC"*^. When evaluated in components, it turns out that this 
condition is independent of the conformal factor Q, 

2^mnpqdpCq = C?[m,C*„] . (5.35) 

At first sight, one may feel uncomfortable with tensor fields that are derived from one-forms. 
However, we should take into account that, after all, B^'^ = dC^^ leads to a non-trivial solution 
of the equation of motion f l2.29p . That is, although '£)B^ = 0, we have that DB^'^ ^ hence 
the two terms of the Eq. f l2.29p are non-zero but cancel mutually. It is this equation what 
distinguish between vector and tensor fields. We also recall that tensor fields transform in a 
non-adjoint representation of the G-group. In our model this means that B^'^ are charged under 
U{1). Therefore, there is no way to identify the one-forms C^'^ with some physical vector gauge 
fields. 

At this stage the solution is build from three elements: the scalars A and Q and the one-forms 
(7^^. These variables must be chosen in such a way that the conditions given in Eqs. fl5.26p . 
f l5.3ip . fl5.32p . fl5.33p and (15.350 are satisfied. We have found three classes of solutions of these 
conditions: two classes in the gauged theory, one with active tensors fields and the other one 
without tensor fields, and one class in the ungauged theory. 



5.2.1 Solutions of the gauged theory 

There is a route to find solutions of the Eqs. (15.330 and (15.350 . First off all, note that the 
expression r'^A' + A vanishes for a square- inverse dependence of A, 

^ = ^ , (5.36) 

where a, as well as 6, c and d for future reference, are integration constants. We take this ansatz 
as the starting point, such that the second term of the Eq. (I5.33P vanishes, and consequently we 
require that the first and last terms be non-zero but cancel mutually in order to get non-trivial 
tensor fields. 

We may substitute the ansatz (I5.36P for A in Eq. (I5.26P obtaining a differential equation 
for Q, 

r'^Q' + kQ = {), A; = i(8 + 3^a), (5.37) 
whose solution, for any value of fc, is 




(5.38) 
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Having Q, one can compute straightforwardly Q and / ^ from Eqs. (I5.3ip and fl5.32p . Doing 
so we obtain 

^ = (5-39) 

( 2{2k-l) _ tf2\\l?, or^4/3 

= k' ^ ^ > k'^-^ik-2)ik-l/2). (5.40) 

Regularity of the configuration imposes b ^ 0, hence hyperscalars can not be smoothly turned 
off from this class of configurations (already known from Eq. 05.311) ). The Laplacian of 
w.r.t. the metric h mn yields a somewhat simple expression, 

^'r'-^, k"^'-^(k-m-i)(k-i/2r. (5.4i) 

Substituting these expressions into the Maxwell Eq. fl5.33p we obtain 

In order to solve this equation with non- vanishing tensor fields, we are forced to demand k" < 0, 
hence the range of admissible values of the exponent k is 

l<k<2. (5.43) 

On the other hand, if we look for solutions with vanishing tensor fields, then k" = and 
this is in principle possible for three values of the exponent k, k = 1/2,1,2. However, the 
values 1/2 and 2 yield a vanishing k', hence a singular /. Therefore, the only exponent valid 
for vanishing tensor fields is k = 1. We remark that, at this level, all the functional form of 
the super symmetric solution depends only the one-forms , they must solve the self duality 
condition fl5.35p and also the Maxwell Eq. fl5.42p for an appropriated exponent k. 



Solution with active tensors fields 

The expressions for the vector fields given in Eqs. 05.240 . 05.270 and 05.28P suggest an 
ansatz to solve the Eq. 05.35p . it is 

C£ = «f pL^^^C , C = C{r') , (5.44) 

and a^^ is a set of constants. The corresponding self /anti-self dual parts of B^'^ = dC^' are 

5^+) = 4af(/,[^x^]X^+lp^r2)C", (5.45) 



B^-^ = -c^rPl^ir'C' + 2C). (5.46) 
Therefore, in order to have non-trivial and selfdual spatial tensors 5*^, we are forced to impose 

r^C + 2C = , (5.47) 
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whose solution is 



where any multiphcative integration constant can be absorbed in the value of . Thus, we 
have that the selfdual spatial tensor fields are given by 

= c.rpl,x^r-\ (5.49) 

= -8a^'r'%p\_^x^x^-+\pl^r'). (5.50) 
The square of these selfdual spatial tensor fields yields 

-D = — — , a = . (5.51) 

The final and crucial test for our ansatz is that this square must be a solution of Eq. f l5.42p . 
This holds only for 

k=l, (5.52) 

which is in the range of admissible values of the exponent k given in the inequalities fl5.43p . 
Therefore, the Maxwell Eq. ([532]) is solved for = 3/2 if = 8b'^/{3g^). 
In summary, the five-dimensional solution, in Cartesian coordinates, ii^ 

q— = r~^x— , 0^ = , 

= 2p';^^x^r-^dx^, = -v^r2(r4 - l)-i/3^t. 



2V3(|r^ - 1) 
(r4 - 1)4/3 



B^^ = ~8VQa^^r-%p\irnXn]xP + yi^r^)dx^Adx^. 

(5.53) 

where are six constants normalized by = 1. This normalization condition is the only 
constraint on the constants a^^, which leaves us the freedom to turn off one the tensor fields, 
for example by setting a^'^^^ = 0. Notice that no further active fields can be smoothly turned 
off in this solution. 

Regularity of the metric restricts the domain of the solution to 1 < r < 00. To determine 
the coordinate-dependence of the divergences as r approach to 1 and 00, we compute the Ricci 
scalar, it yields 

r^(23r8 + 114r^ - 45) 
^ = 18(r4 - 1)3 ■ (^-^^^ 



""^^To write this solution in a simple form, we have put b = 1, g = 1/3, rescaled the constants a*^ and rescaled 
the time t — > At. 
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The Ricci scalar diverges as r ^ 1 whereas it is completely regular at r — > oo. Therefore, we 
conclude that this metric has a physical singularity and a horizon located, in our coordinate 
system, at r = 1 and r — oo respectively. The regularity of the metric at the horizon becomes 
more evident if we shift the metric in Eq. fl5.53p to spherical coordinates and then perform the 
coordinate transformation f = 7--2/3 This leads us to the metric 

ds^ = f-2 [(1 - r^Y^/He - (1 - + Af''dn%-^)\ , (5.55) 

which, as f — »• and after a further rescaling of the time, takes the form 

ds^ = 9r^{dt^ - df^) - 4rffij3) . (5.56) 

Therefore, in the near horizon limit the metric approach to AdS2 x S^. We notice that in the 
domain < f < 1 the conformal factor of the AiqK metric, 

A = 2^2(1 -f6)-S (5.57) 

is regular. Finally, we point out that the Cartesian components of the tensor fields B'^^ given in 
Eqs. (I5.53P decay asymptotically as r~^, faster than any of the field strengths of the vector 
fields. This is the expected behavior for massless/massive fields. 

Solution without tensors fields 

We start by setting the tensor fields equal to zero, C**^ = 0, which is the most simple solution 
of Eq. (15.351) . As we have already pointed out, only the exponent 

k = 1 (5.58) 

is admissible to solve the Maxwell Eq. (I5.42p . The five- dimensional solution corresponding to 
this exponent is 

ds^ = (r^ - l)-2/3c^t2 _ 4^-4(^2 _ l^^^ni^^rn ^ 

A"- = Ap'^^x^r-^dx^ , A^ = -V3{r^ - ly^/^dt , 

= 0. 

(5.59) 

Notice that, according to Eq. (15.411) . the function = (r^ — 1)^/'^ is harmonic respect to the 
spatial metricEfl hmn, whose conformal factor is = r~'^{r'^ — 1)^/'^. None of the active fields 
can be smoothly turned off from this solution. 

Again, regularity of the metric demands 1 < r < oo. The corresponding Ricci scalar is 

23r^ 



""^^Indeed, any spherically symmetric harmonic function H{r^) must be of the form H' ^ r ^il ^, for any Vl. 
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As in the previous case, this metric has a physical singularity located at r = 1 and a horizon 
at r — i> oo. After performing the coordinate transformation f = r^/^, this metric becomes 

ds^ = f-2 [(1 - r'^y^/^df - (1 - f-'^){9df^ + Af^dnf^^)] , (5.6I) 

which in the near horizon limit f — > oo takes the AdS2 x form (I5.56p . The conformal factor 
of Mqk, 

A = 2^2(1 - (5.62) 

is regular in 1 < f < cxd. 



5.2.2 Solution of the ungauged theory 

It is interesting to analyze the case of the ungauged theory {g = 0), which, first of all, requires 
the decoupling of the tensor fields. In this case the model reduces to a ungauged Af = I, d = 5 
Supergravity coupled to one hypermultiplet and three vector multiplets, being the four fields 
Abelian gauge fields. 

Notice that now the Eq. (15.321) does not fix the scalar /, it is instead an equation for A. 
Indeed, this and Eq. (I5.26P state that A and Q satisfy that same differential equation, 

r^Q' + 2Q = r^A' + 2A = , (5.63) 

whose solutions are 

A = -^, Q = -^. (5.64) 



fl, computed from Eq. (I5.3ip . becomes 



1 A b'V^' 
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Evaluating the Maxwell Eq. (15.330 we obtain 



^=7^ • (5-65) 



vV-^ + ^:^ = o, (5.66) 

and it is now regarded as an equation for /. If we assume that is spherically symmetric, 
then this equation becomes 

r'[n\f-'y]' + 2n\f-'y = -^^, (5.67) 



and its solution for (/ )' is 

= + (5-68) 

We can find the integral of this expression, which we write here for the special value 6=1 for 
simplicity, 

f-^ = la^n + H, (5.69) 
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where 

^Ft(^ 2.4 -6N 

H = c '^''^l'' ' +d (5.70) 

is a spherically symmetric harmonic function corresponding to the conformal factor 17 = (1 — 
have inverted the sign of the arbitrary integration constant c). 
The whole five- dimensional solution is 

H = cr-2 2Fi(|,|;|;r-6)+rf, ^ = (i_r-6)i/3, 

q— = r~^x— , 0^ = , 

A"- = ap'^x^-^dx^, = {\a^n + dt . 

(5.71) 

As for the gauged solutions, the domain of this solution is restricted to 1 < r < oo and also 

c, d > 0. To analyze the character of the divergences we first put c = 0. The resulting metric 
has a divergence only at r = 1, which can be seen by direct computation of the Ricci scalar 
that correspond to a physical singularity. This singularity is still present in the general solution 
(c 7^ 0) since the hypergeometric function 2-^1 (|, |; |; is convergent, positive definite and 
monotonically decreasing in the interval 1 < r < 00. Thus we conclude that the above metric 
has a naked singularity at r = 1. 

In contrast to the previous solution, in this solution there are three free parameters, a, c and 

d, that can smoothly be brought to zero. The limiting value a = leads to the two solutions 
found in Ref. one with c = and the other one with c 7^ 0. 



6 Conclusions 

We have performed the complete characterization of supersymmetric configurations and solu- 
tions for the gauged N" = 1, d = 5 Supergravity coupled to an arbitrary number of vector-, 
tensor- and hypermultiplets. This is the most general supergravity theory known with eight 
supercharges in five dimensions. 

As was found in previous analyses without tensor multiplets, Refs. [9l[T0|, the spatial spin 
connection, both in the time-like and null cases, is embedded into other gauge connections given 
by the quaternionic Kahler geometry and the vector fields. The activation of tensor fields do not 
deform these embeddings. However, tensor fields give new contributions to the supersymmetric 
Maxwell equation, which in general leads to deformations of the base spatial metrics. Moreover, 
the presence of tensor fields adds one more equation to be solved by supersymmetric solutions, 
the self-duality condition for supersymmetric tensor fields. 

The conditions for unbroken supersymmetry we have found can be used to study concrete 
class of supersymmetric solutions. In particular, we have used them to analyze scalar-gravity 
solutions, which we define by the condition of vector and tensor fields be vanishing and the 
hyperscalars get a constant value. For these configurations we have found that in the time- 
like case also the scalars (p'^ must be constant but in the null case they can have a non-trivial 
expression. For the cases of constant (p^ we have classified the metric according to the vanishing 
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or not of the constant parameter P ~ h^Pi, being zero the other contributions to the scalar 
potential. In the time-like case we have found that if P = then the base spatial manifold is 
hyperkahler and the local one-form u is vanishing, whereas if P 7^ the base manifold is Kahler 
and uj is non- vanishing. In the null case the spatial transverse metric is conformally fiat and we 
have seen the presence of a harmonic function, which suggests the direct coupling to external 
sources. Among the null class, one gets Minkowski or AdS^ if P = or P 7^ respectively. 

Since we have determined the behavior of the several variables that define a scalar-gravity 
supersymmetric solution, these result can be used to search more general solutions with asymp- 
totics corresponding to pure gravity solutions, for example AdS^. As it is well known, asymptot- 
ically AdS^ supersymmetric solutions are of great interest due to their role in the brane-world 
scenarios and in the AdS/CFT correspondence. 

We have also used the conditions for supersymmetric solutions to find new exact solutions 
with active hyperscalars, vector and tensor fields, which is a further evidence of the usefulness 
of the characterization program. To find the solutions we have chosen the S0{4,1)/ S0{4) 
manifold as the target for the hyperscalars. Two of the solutions we have found belong to 
the gauged theory with SU{2) x U{1) as the gauge group, one of them having active, massive 
and spatially self-dual tensor fields charged under the U{1) sector and decaying faster than the 
massless vector fields. These two solutions are black holes (spherically symmetric) with physical 
singularities covered by the horizons and with AdS2 x 5*^ as the near horizon geometry. The 
third solution we have found belongs to the ungauged theory. It has a naked physical singularity 
and has the solutions found in Ref [9] as limiting cases. It must be pointed out that solutions 
with naked singularities could be excluded as genuine supersymmetric solutions if a criterion 
as the one proposed in Ref. [25], which consists on requiring unbroken supersymmetry even at 
the location of the singularity, is used. 
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